We prove that there exists a positive integer C n depending only on n such that for every smooth projective n-fold of general type X defined over C, the automorphism group Aut(X) of X satisfies
Introduction
The automorphim group of a projective variety of general type is known to be finite. For every curve C of genus g ≥ 2, we have the estimate :
by well known Hurwitz's theorem.
In the case of surfaces, G. Xiao proved that for every smooth minimal surface of general type ♯Aut(S) ≤ 1764 · K
Preliminaries

Orbifold canonical divisors
Let X be a projective variety of general type with only canonical singularities. Let G denote the automorphism group of X. Iis well known that G is a finite group. The quotient X/G is a projective variety. LetX be the equivalent resolution of X with respect to G such thatX/G is also smooth. We may takeX such that the ramification divisor R of and call it the obifold canonical divisor of X/G. Let π : X −→ X/G be the natural morphism. Then
holds. The orbifold canonical ring is defined by R(X/G, K X/G,orb ) := R(X, K X ) G .
And the linear system | [mK X/G,orb ] | is given by
Hence we have that R(X/G, K X/G,orb ) = ⊕ m≥0 Γ(X/G, O X/G ([mK X/G,orb ])) holds.
Multiplier ideal sheaves
In this section, we shall review the basic definitions and properties of multiplier ideal sheaves.
Definition 2.1 Let L be a line bundle on a complex manifold M. A singular hermitian metric h is given by
where h 0 is a C ∞ -hermitian metric on L and ϕ ∈ L 1 loc (M) is an arbitrary function on M.
The curvature current Θ h of the singular hermitian line bundle (L, h) is defined by
where ∂∂ is taken in the sense of a current. The L 2 -sheaf L 2 (L, h) of the singular hermitian line bundle (L, h) is defined by
where U runs opens subsets of M. In this case there exists an ideal sheaf
holds. We call I(h) the multiplier ideal sheaf of (L, h). If we write h as
is the weight function, we see that
holds. We have the following vanishing theorem. 
holds.
Analytic Zariski decomposition
To study a big line bundle we introduce the notion of analytic Zariski decompositions. By using analytic Zariski decompositions, we can handle big line bundles like a nef and big line bundles. 
is isomorphim. 
Volume of projective varieties
To measure the positivity of big line bundles on a projective variety we shall introduce a volume of a projective variety with respect to a line bundle. 14] ) Let L be a big line bundle on a smooth projective variety X. Let Y be a subvariety of X of dimension r. We define the volume 
Definition 2.3 Let L be a line bundle on a compact complex manifold
M of dimension n. We define the L-volume of M by µ(M, L) := n! · lim sup m→∞ m −n dim H 0 (M, O M (mL)). Definition 2.4 ([µ(Y, L) of Y with respect to L by µ(Y, L) := r! · lim sup m→∞ m −r dim H 0 (Y, O Y (mL) ⊗ I(h m )/tor),
Stratification of varieties by multiplier ideal sheaves
Let X be a smooth projective n-fold of general type. Then the canonical ring R(X, K X ) is finitely generated by [14] . Let X can be the canonical model of X. K Xcan is an ample Q-Cartier divisor on X can . We assume that the natural rational map
is a morphism. Let h can be a C ∞ -hermitian metric on K Xcan induced from the Fubini-Study metric on the hyperplane bundle of a projective space by a projective embedding of X can associated with | rK Xcan | where r is a sufficiently large positive integer such that rK Xcan is Cartier. Then h can has strictly positive curvature on X can . h can induces a singular hermitian metric h on K X in a natural manner. By the definition, h is an AZD of K X . To prove Theorem 1.1, we may replace X by any birational model of X, we may assume that there exists an effective Q-divisor N such that
holds for every m ≥ 0. In particular we may and do assume that I(h m ) is locally free for every m ≥ 0. Let us denote µ(X/G, K X/G,orb ) by µ 0 . We set
Let G be the group of the birational automorphism of X. To prove Theorem 1.1, we may assume that G acts X regularly and X/G is also smooth. Let π : X −→ X/G be the natural morphism. We set
Let ε be a sufficiently small positive number. Then
for every sufficiently large m, where M x , M y denote the maximal ideal sheaf of the points x, y respectively. Proof of Lemma 3.1. Let us consider the exact sequence:
hold, we see that Lemma 3.1 holds. Q.E.D.
Let us take a sufficiently large positive integer m 0 and let σ be a general
). We define a singular hermitian metric h 0 on K X/G,orb by
holds, where (σ) denotes the closed positive current defined by the divisor (σ). Hence Θ h 0 is a closed positive current. Let α be a positive number and let I(α) denote the multiplier ideal sheaf of h α 0 , i.e.,
where h X/G is an arbitrary C ∞ -hermitian metric on K X/G,orb . Let us define a positive number α 0 (= α 0 (x, y)) by
−n is not locally integrable around O ∈ C n , by the construction of h 0 , we see that
holds. Then one of the following two cases occurs. First we consider Case 1.1. Let δ be a sufficiently small positive number and let V 1 be the germ of subscheme at x defined by the ideal sheaf I(α 0 + δ). By the coherence of I(α)(α > 0), we see that if we take δ sufficiently small, then V 1 is independent of δ. It is also easy to verify that V 1 is reduced if we take δ sufficiently small. In fact if we take a log resolution of (X/G,
, V 1 is the image of the divisor with discrepancy −1 (for example cf. [4, p.207] ). Let (X/G) 1 be a subvariety of X/G which defines a branch of V 1 at x. We consider the following two cases.
Case 2.1: (X/G) 1 passes through both x and y, Case 2.2: Otherwise For the first we consider Case 2.1. Suppose that (X/G) 1 is not isolated at x. Let n 1 denote the dimension of (X/G) 1 . Let us define the volume µ 1 of (X/G) 1 with respect to K X/G,orb by
• , we see that µ 1 > 0 holds.
Lemma 3.2 Let ε be a sufficiently small positive number and let
The proof of Lemma 3.2 is identical as that of Lemma 3.1, since
hold for every m.
By Kodaira's lemma there is an effective Q-divisor E such that K X/G,orb − E is ample. Let ℓ be a sufficiently large positive integer such that
is a line bundle and statisfies the property in Lemma 3.3.
Lemma 3.3 If we take ℓ sufficiently large, then
is surjective for every m ≥ 0 divisible by | G |.
Proof. Let us take a locally free resolution of the ideal sheaf
Then by the trivial extention of the case of vector bundles, if r is sufficiently large, we see that
holds for every m ≥ 1, q ≥ 1 and 1 ≤ j ≤ k. In fact if we take ℓ sufficiently large, we see that for every 
holds. This completes the proof of Lemma 3.3. Q.E.D.
. Let m 1 be a sufficiently large positive integer divisible by | G | and let σ ′ 1 be a general element of
, where x 1 , x 2 ∈ (X/G) 1 are distinct nonsingular points on (X/G) 1 .
By Lemma 3.2, we may assume that σ ′ 1 is nonzero. Then by Lemma 3.3 we see that
extends to a section
We may assume that there exists a neighbourhood U x,y of {x, y} such that the divisor (σ 1 ) is smooth on U x,y − (X/G) 1 by Bertini's theorem, if we take ℓ sufficiently large, since by Theorem 2.1,
is surjective for every y ∈ X/G and m ≥ 0 divisible by | G |, where
is the ideal sheaf of (X/G) 1 . We define a singular hermitian metric h 1 on K X/G,orb by
Let ε 0 be a sufficiently small positive number and let I 1 (α) be the multiplier ideal sheaf of h
Suppose that x, y are nonsingular points on (X/G) 1 . Then we set x 1 = x, x 2 = y and define α 1 (= α 1 (x, y)) > 0 by
By Lemma 3.3 we may assume that we have taken m 1 so that
To prove Lemma 3.4, we need the following elementary lemma. 
Proof of Lemma 3.3 . Let (z 1 , . . . , z n ) be a local coordinate on a neighbourhood U of x in X/G such that
We set r 1 = (
1/2 and r 2 = (
Then there exists a positive constant C such that
holds on a neighbourhood of x, where denotes the norm with respect to h m 1 +ℓ X/G . We note that there exists a positive integer M such that
holds on a neighbourhood of the generic point of U ∩ (X/G) 1 , where denotes the norm with respect to h m 0 X/G . Then by Lemma 3.5, we have the inequality
holds. By using the fact that
we obtain that
If x or y is a singular point on (X/G) 1 , we need the following lemma. Lemma 3.6 is an immediate consequence of [10] . Using Lemma 3.6 and Lemma 3.5, we see that Lemma 3.4 holds by letting x 1 → x and x 2 → y. Let τ y be a general element of
where
is the ideal sheaf of (X/G) ′ 1 . If we take m ′ sufficiently large, τ y is not identically zero. We set
Then we see that the new singular hermitian metric h ′ 0 defined by σ ′ satisfies the desired property.
In these cases, instead of Lemma 3.2, we use the following simpler lemma.
Lemma 3.7 Let ε be a sufficiently small positive number and let x 1 be a smooth point on (X/G) 1 . Then for a sufficiently large m > 1 divisible by | G |,
Then taking a general
for a sufficiently large m 1 . As in Case 1.1 and Case 2.1 we obtain a proper subvariety (X/G) 2 in (X/G) 1 also in this case.
Inductively for distinct points x, y ∈ X/G • , we construct a strictly decreasing sequence of subvarieties
where R y (or R x ) is a subvariety such that x deos not belong to R y and y belongs to R y . and invariants :
By Nadel's vanishing theorem (Theorem 2.1) we have the following lemma. 
where h L is a C ∞ -hermitian metric on L with strictly positive curvature and δ L be a sufficiently small positive number. Then we see that I(h x,y ) defines a subscheme of X/G with isolated support around x or y by the definition of the invariants {α i }'s. By the construction the curvature current Θ hx,y is strictly positive on X/G. Then by Nadel's vanishing theorem (Theorem 2.1) we see that
separates x and y. We note that
is a subspace of
G by the definition of K X/G,orb . This implies that Φ |[mK X/G,orb ]| separates x and y. Q.E.D.
We note that for a fixed x, r i=0 α i (x, y) depends on y. We set
and let
be the stratification which attains α(x). In this case we call it the maximal stratification at x. We see that there exists a nonempty open subset U in countable Zariski topology of X/G such that on U the function α(x) is constant and there exists an irreducible family of stratification which attains α(x) for every x ∈ U. In fact this can be verified as follows. We note that the cardinarity of
is uncontably many, while the cardinarity of the irreducible components of Hilbert scheme of X/G is countably many. We see that for fixed i and very general x, {(X/G) i (x, y)} should form a family on X/G. Similary we see that for very general x, we may assume that the maximal stratification {(X/G) i (x)} forms a family. This implies the existence of U. And we may also assume that the corresponding invariants {α 0 , . . . , α r }, {µ 0 , . . . , µ r }, {n = n 0 . . . , n r } are constant on U. Hereafter we denote these invariants again by the same notations for simplicity. The proof of the following lemma is parallel to that of Lemma 3.4. Lemma 3.9
hold for 1 ≤ i ≤ r. 
Proof. Let p :X /G −→ X/G be the resolution of the base locus of | mK X/G,orb | and let
be the decomposition into the free part | P m | and the fixed component F m . Let p i :X /G i −→ (X/G) i be the resolution of the base locus of
be the decomposition into the free part | P m,i | and the fixed part F m,i . We
holds. Then by the ring structure of R(X/G, K X/G,orb ), we have that there exists a natural injection
for every ν ≥ 1. Hence there exists a natural morphism
for every ν ≥ 1. This morphism is clearly injective. This implies that
holds. Since P m,i is nef and big on (X/G) i we see that
holds. Hence
holds. This implies that
4 Proof of Theorem 1.1
To prove Theorem 1.1 we use the following subadjunction formula. 
In particular W has only rational singularities.
Let us start the proof of Theorem 1.1. We prove Theorem 1.1 by induction on n = dim X. Suppose that Theorem 1.1 holds for varities of general type of dimension < n. Then there exists a positive constant C(m)(m < n) depending only on m such that for every smooth projective varietiey Y of general type of dimension m
holds. Let X be a smooth projective variety of general type as in Section 3. We use the same notations as in Section 3. Let x, y be distinct points on (X/G)
• and let
be the stratification constructed as in Section 3 and let µ 0 , . . . , µ r n 1 , . . . , n r be the invariants as in Section 3. Let
be the corresponding stratification of X. If we take x, y general, X i (0 ≤ i ≤ r) are projective varieties of general type. Let
be the canonical model of X.
We have the corresponding stratification
on X can (here we note that X i,can does not denote the canonical model of X i for i ≥ 1). Then we see that
holds. Let H be an ample divisor on X. By the subadjunction formula, we see that for every positive rational number ǫ
holds, where < Q means that the righthandside minus the lefthandside is Qlinear equivalent to an effective divisor and K X i ,can denotes the pushforward of the canonical divisor of a nonsingular model of K X i,can . This can be verified as follows. Let π : X −→ X/G be the natural morphism. Let D i be the divisor on X which corresponds to the singular hermitian metric
. D i is a positive linear combinations of {π * (σ 0 ), . . . , (σ j )} by the constructions of h 0 , . . . , h i . Also we may assume that D i is a Q-divisor by perturbations of ε 0 , . . . , ε i−1 . X i,can may not be the minimal center of (X, D i ) and (X, D i ) may not be logcanonical. But if we take a suitable modification
we may assume that there exists an effective Q-divisor E i such that
) is logcanonical and the proper transform of X i,can is the minimal center of (Y i , π *
Then by Theorem 4.1, we have that for every positive rational number ǫ
holds. By the inductive assumption this implies that
holds. Since
holds by Lemma 3.9, we see that
holds for every i ≥ 1. Inductively we see that if µ 0 ≤ 1 holds,
holds where C(C(1), . . . C(n − 1)) is a positive constant depending only on C(1), . . . , C(n − 1). Hence if µ 0 < 1 holds then we see that
holds. This implies that X/G is birationally bounded, if
Then using Lemma 3.10, we have the following lemma. 
be the decomposition of | αK X | G into the movable part | P | and the fixed component F . Taking a suitable successive G-equivariant blowing ups, we may assume that | P | is base point free. And also we may assume that the canonical birational map f : X −→ X can is a morphism.
Lemma 4.2
There exists a positive constant c n depending only on n such that
be the natural morphism. Let us write
where {E i } are irreducible exceptional divisor of f G . We set
and we set φ := Φ |P | : X −→ Y.
be the birational morphism induced by φ. Then
holds, where H denotes the hyperplane section of Y . Also
holds. On the other hand
holds, where K Y denotes the pushforward of the canonical divisor of the normalization of Y to Y . We note that We note that by ( * ), the finiteness properties of {a i } and the boundedness of i (φ G ) * E i , we see that the rational number f * G K Xcan/G · H n−1 is of finitely many possibilities. By (♭), the boundedness of j (φ G ) * f * G D j and Lemma 4.3, we see that there exists a positive constant c n depending only on n such that f * K Xcan · P n−1 ≥ c n | G | holds. Since R(X can /G, K Xcan/G,orb ) is a ring, 
holds, we have that
holds. This completes the proof of Theorem 1.1.
